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Selection Gaussian distribution

Let A ⊂ Rq, and[
r
ν

]
∼ Np+q

(
µ =

[
µr

µν

]
,Σ =

[
Σr Γr,ν

Γν,r Σν

])
A selection Gaussian random

variable is defined as :

rA = (r|ν ∈ A)

Example 1D
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Selection Gaussian distribution

1 Let ϕp(r;µ,Σ) denote the pdf of a Gaussian distribution with
parameters (µ,Σ).

2 Let Φq(A;µ,Σ) = P(Y ∈ A).

3 Then, rA = (r|ν ∈ A) has the following pdf:

fp+q(r;µ,Σ,A) = ϕp(r;µr ,Σr )
Φq(A;µ∗,Σ∗)

Φq(A;µν ,Σν)

with:

µ∗ =µν + Γν,rΣ
−1
r (r − µr )

Σ∗ =Σν − Γν,rΣ
−1
r Γr ,ν

Note: Gaussian pdfs are a subset of the selection-Gaussian pdfs (consider
Γν,r = 0).
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Selection Gaussian distribution

Properties

1 Can represent skewness, multimodalilty, and heavy-tailedness.

2 Conjugate prior to a Gauss-linear likelihood and forward model:
analytically tractable Bayesian recursive algorithm (Selection Kalman
Filter)

Bayesian inversion

f (rA|d)︸ ︷︷ ︸ ∝ f (d|rA)︸ ︷︷ ︸ f (rA)︸ ︷︷ ︸
↓ ↓ ↓

selection − Gaussian Gauss − linear selection − Gaussian
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Hidden Markov Model

r0 r1 r2 . . . rt rT+1

d0 d1 d2 . . . dt

1 Selection-Gaussian initial distribution f (r0)

2 Forward and likelihood model:

[rt+1|rt ] =ωt(rt , ε
r
t) ∼ f (rt+1|rt)

[dt |rt ] =γt(rt , ε
d
t ) ∼ f (dt |rt)
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Augmented state space

Recall: [
r
ν

]
∼ Np+q

(
µ =

[
µr

µν

]
,Σ =

[
Σr Γr ,ν

Γν,r Σν

])
with rA = (r|ν ∈ A). Since:

[g(rt |ν ∈ A)] = [g(rt)|ν ∈ A]

Augmented forward model:[
rt+1

νt+1

]
=

[
ωt(rt , εrt)

νt

]
.

Conditioning done updating the augmented state vector.
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Selection-EnKF (SEnKF)

Time series of ensembles defined as
et = {(r

u(i)
t ,ν

u(i)
t ,di

t), i = 1, ..., ne},∀t = 0, · · · ,T + 1 and has the
following covariance matrix:

Σrνd =

[
Σrν Γrν,d

Γd ,rν Σd

]
Simple rewrite of the EnKF with an augmented state space.
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Selection-EnKF (SEnKF)

Initiate

ne = no. of ensemble members[
r
u(i)
0

ν
u(i)
0

]
∼ N(µu

0 ,Σ
u
0), i = 1, ..., ne

d
(i)
0 = γ0(r

u(i)
0 , ε

d(i)
0 ), ε

d(i)
0 ∼ Un[0, 1] iid ,i = 1, ..., ne

Iterate t = 0, ...,T

Estimate Σrνd from et −→ Σ̂rνd[
r
c(i)
t

ν
c(i)
t

]
=

[
r
u(i)
t

ν
u(i)
t

]
+ Γ̂rν,dΣ̂

−1

d (dt − di
t), i = 1, ..., ne[

r
u(i)
t+1

ν
u(i)
t+1

]
=

[
ωt(r

c(i)
t , ε

r(i)
t )

ν
c(i)
t

]
, ε

r(i)
t ∼ Un[0, 1] iid, i = 1, ..., ne

d
(i)
t+1 = γt+1(r

u(i)
t+1, ε

d(i)
t+1), ε

d(i)
t+1 ∼ Un[0, 1] iid, i = 1, ..., ne

End iterate

Estimate µu
T+1,Σ

u
T+1 from eT+1
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Selection-EnKF (SEnKF)

Assume that:

rT+1

ν
|d ∼ Np+q

(
µ̃u
T+1, Σ̃

u
T+1

)
Block sampling MH algorithm to estimate:

rA = [r|ν ∈ A,d]→ Selection − Gaussian
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Synthetic case studies

Diffusion equation

∂rt(x)

∂t
−∇ · (λ(x)∇rt(x)) =q

∇rt(x) · n =0

Consider r0, . . . , rT+1 and λ to be random variables. Finite difference →
perfect forward model:

ω([rt ,λ], 0) =

[
ω∗(rt ,λ)

λ

]
Observations collected at 5 locations with a Gauss-linear likelihood model:

[dt |rt ] = γt(rt , εd) =Hrt + εd , εd ∼ N(0, σ2dI)
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Test I: Assessing the static diffusivity field

Initial Heat map

Temperature field Data collection, σd = 0.1
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Prior model

Prior knowledge

1 Equiprobable lobes the true
diffusivities marginally

2 Prior model spatially
stationary bar border effects.

3 Spatial smoothness

Realization and spatial
histogram

Marginal distribution
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Marginal distributions at the monitoring locations

Posterior distribution
[log(λ)i |d0:T ]:

SEnKF EnKF
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MMAP and RMSE

MMAP

Figure: SENKF (left) and ENKF
(right)

RMSE

SEnKF ENKF

RMSET=99 2.39 2.83

Table: RMSE of the MMAP prediction
at time T = 99.
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Prediction variance

SEnKF EnKF
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Test II: Assessing the initial dynamic field

Initial Heat map

Temperature field Data collection, σd = 0.1
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Prior model

Prior knowledge

1 Two lobes about the true
initial temperatures

2 Prior model spatially
stationary bar border effects.

3 Spatial smoothness

Realization and spatial
histogram

Marginal distribution
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Marginal distributions at the monitoring locations

Posterior distribution
[(r0)i |d0:T ]:

SEnKS EnKS
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MMAP and RMSE

MMAP

Figure: SENKS (left) and ENKS
(right)

RMSE

SEnKS ENKS

RMSET=99 3.22 5.25

Table: RMSE of the MMAP prediction
o at time T = 99.
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Challenges

Sampling of posterior distribution sensitive to covariance matrix → large
ne ' 10000

1 SVD: comparable for ne ↓
2 Reference covariance matrix ne ' 10000 - The distance to the

reference matrix decrease as ne ↑
3 Localization: seems to solve the problem (ne = 500) at the expense

of contrast.
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