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Some definitions
Prior ensemble and perturbed measurements
X = (mfl, zb, ..., mﬁv) and D — (dl, do, ... dN>

Ensemble means

N
Zscj and d_ﬁg

j 1

Ensemble anomaly matrices and covariances

A—X(IN_ ]1[11T>/\/N—1 — Cupe=AAT

1 _
ED<INN11T>/\/ﬁ — Cqy=EET
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IES: Ensemble subspace version

Original cost functions

T ~—1

T
J(xj) = (z; — =) Coy (25 —2f) + (9(z5) — dj) Cgy(g(z;) — dj).
Solution is contained in the ensemble subspace, thus
x? =x! + Aw;,

and,

T f T

J(w;) =w/w; + (g(:nj + Aw;) — d]-) C,l ( (:E + Aw;) — dj>

Reduces dimension of problem from state size to ensemble size.

i+l i i
w; = wj AV
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Gradient and Hessian of cost function
Gradient
VI (wj) = 2w; +2(G;A) Cyf (g(af + Aw;) — dy).
Hessian (approximate)

VYT (w)) ~ 2T +2(G;A) C;} (G, A)
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Gauss-Newton iterations

i+l _
wi =

A = {w; —(@4)" (61 4) (G 4) + Cas)

i i
wi — yAw;

X ((G;A)w; +d; —g(xh+ Awﬁ)) }

1

with
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G; = (Vg‘angrAw;l)T‘
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GA
Define the linear regression

C.,.=GC., or G =C,,(C..)"”
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G, A
Define the linear regression
C.,.=GC., or
and write

A 7 7 —1
GIALGA=C(C.,) A
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G,=ci(ci,)”"

Average sensitivity
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G, A
Define the linear regression
C.,.=GC., or
and write

GiA2GA=C,,(C.,)'A
~GiA=Y,AT(A,AT)" A
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G' A
Define the linear regression
C.,.=GC., or
and write
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=Y,A A

Geir Evensen

RCE

G,=ci(ci,)”"

Average sensitivity

Ensemble repr.

(A; = AQ)

Slide 6



G' A
Define the linear regression
C.,.=GC., or
and write
GiA2GA=C,,(C.,)'A

~GiA=Y,AT(A,AT)" A
=Y,A A

=Y, A AQ; !
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G' A
Define the linear regression
C.,.=GC., or
and write
GiA2GA=C,,(C.,)'A

~GiA=Y,AT(A,AT)" A
=Y,A A

=Y, A AQ; !

Geir Evensen

-1

G;=C,,(C.,)
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G' A
Define the linear regression
C.,.=GC., or
and write
GiA2GA=C,,(C.,)'A

~GiA=Y,AT(A,AT)" A
=Y,A A

=Y, A AQ; !
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G,=ci(ci,)”"

Average sensitivity
Ensemble repr.

(A; = AQ)

+ A — (g Lqqr
ATA =Tyr = (I N11)

Y. Q! linear case
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G' A
Define the linear regression
C.,.=GC., or
and write
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GiA

Define the linear regression

i i i i 1
C,.=GC,, or G =C,,(C,,)

and write
G;A £ G A= C;w(Cix)_lA Average sensitivity

~G,A= YZ-A;F (AiA;F)JrA Ensemble repr.

=Y, Af A (Ai = AQ)

1
=Y, A AQ; ! AfA; =Tr = (I - NuT)
Y. Q! linear case
=8, ={Y,Q;! n>N-1,

Y, AFAQY n< N1,
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Equation for W
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Matrix form with S; = Y, ;!
W71+1 = Wi—
V(Wi — ST(8:57 + Cua) ' (SW: ~ D +g(X)))
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IES

1

Geir Evensen

ensemble subspace algorithm

1: Inputs: X, D, (and C44)

22W.:=0

3: for i = 1, Convergence do

4 Y=g X,)(I-+11")/YyN-1
Q=I+W,I-+11")/yN-1
Qfst =v!
H; =S;W;+D—g(X;)
Wit1=W; — ’Y(Wz' - 87 (887 + Cdd)ilHi)
Xipn=X{IT+ Wi /VN-1)

end for

@ © ° N o o

» Order O(mN?) and O(nN?)
» No pseudo inversions of large matrices.

O(mN?)
O(mN?)
O(mN?)
O(nN?)

“RCE
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Example nonlinear model
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Marginal PDF
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lterations nonlinear model

07} Prior
i s-IES_1
06k s-IES_2
r s-IES_3
r s-IES_4
w 05F s-IES_5
e s-IES_6
= 04 s-IES_7
£ r
9 N
5 03F
= i
02F
0.1F
0 0 i T T TR I | - 1
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Equation for W

Standard form (O(m?))

WiJrl = Wz — 'V(Wz — S;I‘ (SLS:F + Cdd)ilHi)

From Woodbury, rewrite as

W =W, {W,— (STCaS, + In) 'siClH)

For C4q = I,,, we have (O(mN?))

Wit =W, —o{W;~ (STS;+1y)"'STH}
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Subspace inversion (Evensen, 2004)

» Why invert m-dimensional matrix when solving for N coefficients?

(SST + Cua)

= (UESETU" + Cuw)

~US(Iy +2'UTCuu=h)h)="u”
= 88T +(88M)Cu(S8T)T

=US(Iy+ZAZ")Z'UT

=UXZ(Iy+A)Z'S"U"

(S8T +Cu) ' RUEH Z(In+A) (UEY)Z)"

» Costis O(m2N).
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Subspace inversion with Cyy ~ EE™.

» Do not form C 4, but work directly with E.

(s + EE")

= (U=s"U" + EE")

~US(Iy+X'UTEE"UET)T)STUT
= 88" + (SSY)EE"(SST)T

=UX(Iny+ZAZ")Z"U"

=USZ(In+A)Z"S"U”T

(ST + BE") " xUEY)TZ(Ixn+A) (UET)TZ)"

» Costis O(mN?).
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IES costfunctions: Linear case

14

12

10

Cost function value

o
LB L S B B BB P B
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IES costfunctions: Nonlinear case

—_ _ —_
N L o

—_
o

Cost function value
[o¢)
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Steplength scheme

——e—— (a=0.6, b=0.6, c=0.0)
———+—— (a=1.0, b=0.3, c=1.1)
——e—— (a=0.6, b=0.3, c=2.0)

(a=0.6, b=0.2, c=3.0)

o
©

Steplgngth
[}

I e
i
—T—

o '\\_\
1 1 1 1 1 1 1 1
2 3 4 5 G 7 8 9 10
Iteration

i = b+ (a — by2(--D/ED)
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ERT: https://github.com/equinor/ert

File View Help

" . & & = 8 @
Configure Create Plot Export Data Manage Cases Plugins Run Analysis Load results manually Help

p

Simulation mode: | Iterated Ensemble Smoother 2 %‘:,?ﬁ Start Simulation
Current case: ES_NORMAL 2
Runpath: poly_out/real_%d/iter_%d

Number of realizations: 100

Number of iterations: [ 10|

Target case format: ES_NORMAL_%d
Analysis Module: IES_ENKF 2| 8
Active realizations 0-99

Configuration Summary [E3]

Forwarp MopeL PaRAMETERS

OBSERVATIONS
poly_eval COEFFS

POLY_OBS
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, . ‘RCE
ERT: https://github.com/equinor/ert

Gauss Newton Maximum Steplength [b.ﬁooono -
SiM  Gauss Newton Minimum Steplength 0.300000 -
= Gauss Newton Steplength Decline 2.500000 . ==

e A good start is max steplength of 0.6, min steplength of 0.3, and decline of 2.5

)

A steplength of 1.0 and one iteration results in ES update

Rt
N Inversion algorithm 0 N
N 0: Exact inversion with diagenal R=I

1: Subspace inversion with exact R
18 2 subspace inversion using R=EE"

[

3: Subspace inversion using E

| Print extensive log for IES &
N IES Log File test.log ]
I singularvalue truncation 0.999000 I .
Number of singular values -1 -
Configt

Include AA projection

[E3]
Forw  Any benefit of using the projection is unclear
poly
| Close
Slide 18
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Poly case

Several simple tests are run using a “linear” model

y(x) = ax® + br +c (1)

» Coefficients a, b, and c are random Gaussian variables.
» Measurements (di,...,ds) atz = (0,2,4,6,38).

» Polynomial curve fitting to the 5 data points.

» Gauss-linear problem solved exactly by the ES.
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Subspace IES verification

oooooo
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Subspace IES verification

25
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Subspace |IES vs. ESMDA
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Reek case: Ensemble of cost functions
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Cost function value

4 5
Iteration number
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Reek case: Averaged cost function
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Reek case: Fault multiplier

Value

N MULTFLTF2 . MuLTFLT:FS MULTFLTF7
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Reek case: Oil production

WOPR:OP_3 (mA3/day)

WOPR:OP_3 (mA3/day)
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Summary
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>
>
4
>
4

Robust implementation of a robust IES formulation in ERT.

IES algorithm formulated for big data and big models.
Convergence properties meet requirements for operational use.
Pointed out the value of test-based code development.

ERT is a flexible tool for reservoir HM.

RCE
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