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Selection Gaussian distribution

Example 1D

Let A C RY, and

r zr
o] e o= ] == |

A selection Gaussian random
variable is defined as :

ra=(rlv € A)
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Selection Gaussian distribution

@ Let ¢,(r; p, X) denote the pdf of a Gaussian distribution with
parameters (p, X).

Q Let O,(A; p,X) = P(Y € A).
@ Then, ra = (rlv € A) has the following pdf:

Pq(Aip”, T¥)
forq(rip, X, A) = op(r; p1y, Zr)m
q LN et 73] v

with:

H* =K, + rVerl(r - P’r)
Py :zu - rl/,rzr_lrr,u

Note: Gaussian pdfs are a subset of the selection-Gaussian pdfs (consider
r,,=0).
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Selection Gaussian distribution

Properties
© Can represent skewness, multimodalilty, and heavy-tailedness.
@ Conjugate prior to a Gauss-linear likelihood and forward model:
analytically tractable Bayesian recursive algorithm (Selection Kalman
Filter)

Bayesian inversion

f(rald) x  f(dlra) f(ra)

selection — Gaussian Gauss — linear selection — Gaussian
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Hidden Markov Model

@ Selection-Gaussian initial distribution f(rp)
@ Forward and likelihood model:

[rev1lre] =we(re, €2) ~ f(reqafre)
[de|re] :%(rt,ef) ~ f(d¢|re)
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Augmented state space

Recall:
r |y, DY
AL G )
with rq = (r|v € A). Since:

[g(re[v € A)] = [g(re)lv € Al

Augmented forward model:

rep1 | |welre, €f)
Vil Vi

Conditioning done updating the augmented state vector.
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Selection-EnKF (SEnKF)

Time series of ensembles defined as

e; = {(rg(i),ultl(i),d’;), i=1,..,n},Vt=0,---, T+ 1 and has the
following covariance matrix:

_ Zru rrl/,d

Simple rewrite of the EnKF with an augmented state space.
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Selection-EnKF (SEnKF)

@ Initiate
ne = no. of ensemble members
ri( .
[ %(-) ~ N(p§, Zg), i=1,....n
Vo

df’ = %(rg“) &), 6" ~ U [0.1]id i = 1,....ne
o lterate t =0, ...,
Estimate Z,Vd from e; — f,l,d

<(i) U() _
Vt

Vi
u(i) c(i) _r(i)

r Wl 76 r(i .. .

[ tjfll)] _ [ ';C(,-) e) , et() ~U,0,1] iid, i =1,...,ne
"t41 t

i u(i d(i d
d) = e (Y, 1), €) ~ af0, 1] iid, i = 1,.

o End iterate

e Estimate pu, ,, X7, from ety
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Selection-EnKF (SEnKF)

Assume that:

rt+1 ~U L]
L 1d~Noig (NT+17XT+1)

Block sampling MH algorithm to estimate:

ra = [rlv € A,d| — Selection — Gaussian
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Synthetic case studies

Diffusion equation

Ore(x)
ot

= V- (AX)Vre(x)) =q
Vri(x) -n =0

Consider rg,...,rr4+1 and A to be random variables. Finite difference —
perfect forward model:

w([re, ], 0) = [w*(r;,x)}

Observations collected at 5 locations with a Gauss-linear likelihood model:

[dt|rt] = 7t(rt, Ed) :Hrt —+ €4, €Eg ~ N(O, Ugﬂ)
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Test |: Assessing the static diffusivity field

Initial Heat map
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Prior model

Prior knowledge

Realization and spatial
histogram

@ Equiprobable lobes the true
diffusivities marginally

© Prior model spatially
stationary bar border effects.

© Spatial smoothness
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Marginal distributions at the monitoring locations

Posterior distribution
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MMAP and RMSE

Diffusivity field Temperature field at T=99
RMSE
SEnKF ENKF

N Y RMSEr_g9 239  2.83

Figure: SENKF (left) and ENKF Table: RMSE of the MMAP prediction
(right) at time T = 99.
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Prediction variance
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Test Il: Assessing the initial dynamic field

Initial Heat map

50

. .o 40 K

30

.
(3

20 3

Temperature Field Diftusivity field

Temperature field Data collection, o4 = 0.1

45 ./‘N

Time T=20 Time =50

Time T= 80 Time T= 100

Maxime Conjard and Henning Omre Ensemble methods using a selection-Gaussian initial distributions



Prior model

Prior knowledge

Realization and spatial
histogram

@ Two lobes about the true
initial temperatures

© Prior model spatially
stationary bar border effects.

© Spatial smoothness
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Marginal distributions at the monitoring locations

Posterior distribution “ !
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MMAP and RMSE

MMAP

“
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Diffusivity field
RMSE
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Figure: SENKS (left) and ENKS Table: RMSE of the MMAP prediction
(right) o at time T = 99.
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Challenges

Sampling of posterior distribution sensitive to covariance matrix — large
ne ~ 10000
@ SVD: comparable for ne |

@ Reference covariance matrix ne ~ 10000 - The distance to the
reference matrix decrease as ne T

© Localization: seems to solve the problem (n. = 500) at the expense
of contrast.
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