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Example: ES
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Example: An iterative ES
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Inverse problem W IRIS

Find € R™ given a model
y=g(x)
given measurements d € R™ of y € R™

d=y+e

» Standard History-Matching problem in oil-reservoir models.
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Data-assimilation problem W IRIS

Find =i, , € ®" given a model prediction
xip1 = g(xi)
and measurements d € ™ of ;1 € R"

d= h(a)i+1) +e

» Standard update step in sequential data assimilation
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Bayesian update

W IRIS
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Ensemble filter update W IRIS

Prior

Direct update of y

v} =9} +C,,(Cyy + Cud) ' (d; — o))
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EnKF (direct) update

W IRIS
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Ensemble smoother update W IRIS

Prior

Smoother update of x
a —f = -1
zt = al + C. (C., + Cuaa) (dj — yg)

Indirect update of y
y; = g(z})
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ES (indirect) update
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Indirect update W IRIS

Inverse problems: Measure y — Updatex — predicty =g(x)

Data assimilation: Measure ;11 — Update x; — predict z;+1 = g(=;)

» The indirect update allows for the use of iterative methods.
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W IRIS

Nonlinearity
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Sensitivity of smoothers to nonlinearity WIRIS

Model
y =1+ sin(nz)

Case 1: af + N(0.0,Chp =0.01)  dj  N(1.0,Cqq = 0.01)
Case2: af + N(0.0,C,, =0.09) d; < N(1.0,Cqq = 0.01)
Case3: af + N(0.0,Ch, =0.36) d; < N(1.0,Cqq = 0.01)

Cost function
p(x), Cxx=0.01
p(x), Cxx=0.09
p(x), Cxx=0.36
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Ensemble vs analytic gradient WIRIS

o = af + ¢/ (25)Coa (¢ (25) Cang (2F) + Caa) (dj — g(z}))

% = x§ +Coy(Cyy + Caa) ™ (dj — g(xi))

<
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Case 1: ES
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Case 1: IES
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Case 1: ESMDA ii IRIS
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Case 2: ES
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Case 2: IES
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Case 2: ESMDA
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Case 3: ES ii IRIS
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Case 3: IES
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Case 3: ESMDA
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W IRIS

Model errors in iterative smoothers
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Including model errors W IRIS

Model
y=g(z.q)
Bayes
fy,z,q|d) < f(dly)s(y — g(z.q))f(z)f(q)
Marginal pdf

[, q|d)  f(d|g(x,q))f(x)f(q)
Ensemble of cost functions
J(xj,q;) = (x; —2f) Co} (z; — )
+(g;— )" Cy (a; — d)
+ (g9(zj,q;) - dj)TCc?dl (9(z;,q;) — d;)

Geir Evensen Slide 25



ES including model errors W IRIS

Prior

f f f
Y; = g(mjaqj)

Update

23 = ) + C,, (Cy, + Caa) ' (4 - v}

J yy
a —f 1
q; = qg’ + qu(ny + Cdd) (dj - yg)

Indirect update

a

yj = g(w?7 q?)
or direct update

v} =4} + 0y, (Cly + Cas) " (d; - o)
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ESMDA including model errors WIRIS

Cost function for 2] = (z7,q]) at step i
T (zit1) = (Zi+1 - Zi)T(Ciz)_l (ZH—I - zi)
+ (g9(zit1) —d — aiei)T(aiCdd)_l (9(zit1) —d — Vaie;)

where we must have
dea

1
ZE:L
—

i1 =i+ Ch, (C + azcdd) 1 (d +oie — yi))

91 =4; + 6fzy (6231 + O‘icdd) 1 (d +Vaie; — y‘))

Yir1 = g($i+1» qi+1)
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IES including model errors

Cost function for 2 = (z},q;)
J(z5) = (2 — Zﬁ')TCZZI (z; — =)
+(9(z)) — d)) Cgy (9(z;) — dy)
Iterative solution

—t —=—1 £
Zji+l = Zji + szczz (zjai - zj)

—i =1

- 5;, (5;, + Cdd) B (Cyzczz (250 — 25) — (9(z5.) — dj))

Yjiv1 = g(zj.,i)
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Scalar example W IRIS

Model
y = 2(1+ %) +/Cyheq
» Linear case: g = 0.
» Nonlinear case: 8 =0.2.
» Prior ensemble for z: N(1,1).
» Likelihood for measurement of y: N(—1,1).

Geir Evensen Slide 29



Linear model without model errors

Marginal PDF
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Linear model including model errors
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Pdfs for model error with linear model
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Joint pdfs linear model
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Joint pdfs linear model W IRIS
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Joint pdfs linear model
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Joint pdfs linear model W IRIS
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Nonlinear model without model errors
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Nonlinear model including model errors

Geir Evensen

Marginal PDF

0.8
0.7
0.6
0.5
04
0.3
0.2
0.1

00

W IRIS

0.8
/\ Prior Prior
\ Bayes_0.5 07 PDFC_7_0.5
,L\ ES_7 05 I ES 705 I
MDA_7_004_0.5 06 MDA_7_004_0.5
MDA_7 064 05 || u MDA_7_064_0.5 | |
// \\ IES_7_0.5 Neeoe IES_7_0.5
s Datum
/ / £ o4 e ES_7_0.5D
2
/ S 03
A N 0.2
/ \ 0.1
—
0.0

Slide 38



Pdfs for model error with nonlinear model
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Joint pdfs nonlinear model W IRIS
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Joint pdfs nonlinear model
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Joint pdfs nonlinear model W IRIS
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Joint pdfs nonlinear model
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Summary W IRIS

v

We noted the duality of the DA and inverse problem.

Iterations improve the estimate for models with modest
nonlinearity.

v

v

Iterative methods allows for inclusion of general model errors.
Results published in Evensen (2018a,b).

v
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