Ensemble redrawing in strongly nonlinear systems
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Motivation: an example with 3-variable Lorenz model
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Motivation: an example with 3-variable Lorenz model
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Example 1: fast convergence
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Example 2: Slower convergence
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Example 2: Slower convergence
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Example 3: Divergence
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Example 3: Divergence
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Example 3: Divergence
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IEnKS (Gauss-Newton, transform)
0

) =E1/m, AP =E —x’, w=0 T=1
repeat
X0 —x(())—i—A()

Eo = xo1" + AT
E, = Mo1(Eo)
Hx =H(E.)1/m
A=[H(E))—Hx]T!
VJ = (HA)"R™}(y — Hx)/(m — 1) + [(AT) "ALTT(AD) T (x5 — xo)
M =1+ (HA)'R'HA/(m - 1)

Aw =M"1VJ
w=w+ Aw
T=M12

until  ||Aw|| <e
E; = Mo_1(Eo)
inflate E;



|IEnKS (Gauss-Newton, regression)

x =Eo1/m, AP =E,—x{", w=0 T=I
repeat
X0 = x(()o) + Aé )

Eop = xo1T + A" T

E;, = Mo 1(Eo)
Hx =H(E.)1/m
A = [H(E,) — Hx], HM =HAA"T)!, HA=HMAD

VJ = (HA)"R [y — Hx + HM(x — x\")]/(m — 1)
M =1+ (HA)'RTHA/(m — 1)

Aw =M"1VJ
w=w+ Aw
T=M"12

until ||Aw| <e
E: = Mo_1(Eo)
inflate E;



IEnKS (Gauss-Newton, transform, revisited)

x =Eo1l/m, AY =Eo—x{", w=0, T=1I
repeat
Xg = x(() )+ A( )
Eo = %017 + AT
E. = Mo (Eo)
Hx = H(EL)1/m
A=[H(E)—Hx]T!
VJ = (HA)'R™}(y —Hx)/(m —1) —w (Bocquet and Sakov, 2012)
M =1+ (HA)'RTHA/(m — 1)

Aw =M1V
w=w+ Aw
T=M12

until ||Aw| <e
E; = Mo-1(Eo)
inflate E4



I[EnKS: two formulations

State space formulation:

¢ =argmin { (0 —xi”) " (P{”) 0 — x57)
+ Iy = Hexo)]™ (RO e — He(xo)]}

x, = Mo 1(xo)

Ensemble space formulation:

w =arg rpvd? {wTw + [y — HL(XL)]T (RL)f1 lyr — HL(XL)]} ,
©

X| = M0—>L(x0 ) + ASO)W)

(Equivalence - see Hunt et al. 2007)



EnKF solution space and IEnKF solution

> Let A be analysed ensemble anomalies in the EnKF
» Then A=AU, where U: UT =1, Ul =1 s also a KF
solution

w =argmin {w"w + [ye — Hu(x0)]" (R ye — Ha()l}
X = MOQL(XE)O) + A(()O)w)

A« AU:

= arg ?v:? {WT‘K’ +lye = He(x)]" (R) ™ [y — HL(XL)]} ’

X, = M()A)[_(X(()O) + Aéo)ﬁl),

where w = Uw

3

Hence the ensemble redrawing can result in:
> A slightly different solution due to estimating the sensitivities
from an ensemble of finite spread
» Convergence to another minimum due to the different initial
state of the system
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Algorithm

IEnKF cycle with redrawing:

repeat
<iterate>
if <diverged>
<re-initialise the cycle>
<redraw the forecast ensemble>
continue
end if

until <success>



Algorithm

Rolling back:

repeat
<IEnKF cycle with redrawing>
if <failed>
<go back >
<redraw the analysed ensemble>
end if

until <success >



Performance with L3
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IEnKF: performance log

RMSE
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IEnKF vs. IEnKF-N: baseline peformance

RMSE

2.5

0.5

L3, m=4,T=050, =2
obs

* IEnKFR
* IEnKF-N/R

80 90 100



IEnKS-N

repeat

VJ=(HA)TR }(y —Hx)/(m—-1)—w
becomes

VJ=(HA)TR Yy —Hx)/(m — 1) — mw/(ey +w'w)/(m — 1)

until  ||[Aw| <e¢

E: = Mo-1(Eo)
inflate E;

becomes

c=¢enN+ wlw

M=m(cl—2ww")/c?/(m—1)+ (HA)'RT'HA/(m — 1)
Eo = x01" + AM~1/2

E; = Mo-1(Eo)



Performance with L40 (global)
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Performance with L40 (local)
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How bad is going local?

RAMSE

AMSE
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Inflation: prior or posterior?

L3, IEnKF (m=4,p = 3, Cobs = 2)
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Scaled rotations
Givens rotation:

A

U(i,j,0) =

[l el ool
OO O o+ o

00T =1
General rotation:
m
u= J[ 0G.J.0)
ij=1; i>j

Scaled rotation:
m

(col. 1)

cos(0)

sin(9)

U(E) = H U(i,j,EH,'J'),

ij=1; i>j

(col. j)

—sin(#)

cos(f)

e €[0,1]

H O OO OO

(row 1)

(row j)



Conclusions

Ensemble redrawing is a useful option for iterative schemes
Can be particularly useful in strongly nonlinear situations
It can also be useful to handle occasional instabilities

vV vV v Y

A system rollback is also often required to achieve positive
results

» The ensemble redrawing can be localised by using scaled
ensemble rotations
Other results:

» IEnKF-N seems to have a better baseline performance in
strongly nonlinear situations

» Prior inflation seems to work better than the posterior
inflation in stronlgy nonlinear situations

» MDA can often perform almost equally with the IEnKF

Thank you!
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